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ON THE VERGNE CONJECTURE 


PETER HOCHS AND YANLI SONG 


Abstract. Consider a Hamiltonian action by a compact Lie group on a possibly non¬ 
compact symplectic manifold. We give a short proof of a geometric formula for decompo¬ 
sition into irreducible representations of the equivariant index of a Spin^-Dirac operator 
in this context. This formula was conjectured by Michele Vergne in 2006 and proved by 
Ma and Zhang in 2014. 
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1. Introduction 

Let us consider a Hamiltonian action by a compact, connected Lie group G, with Lie 
algebra g, on a possibly non-compact symplectic manifold (M, oj) with equivariant moment 
map : M ^0*. We assume that (M,uj) is pre-quantisable, that is, there exists a Hermitian 
line bundle E with a G-invariant Hermitian connection such that 

( 1 . 1 ) 

We fix a G-invariant almost complex structure J on M so that 

g™(V,F) = w(V, JV), X,YeTM, (1.2) 

defines a Riemmanian metric on M. The almost complex structure J determines a G- 
equivariant Z 2 -graded spinor bundle 

= AO.even/oddj.*^^ 
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with Clifford multiplication denoted by 


c:TM ^ End(S'M)- 

Let V"®" be a Hermitian Clifford connection on Sm, preserving S^. One has the tensor 
product connection 

V V®" (g) 1 + 1 0 

on Sm®E. The associated Spin'^-Dirac operator is defined by the following composition; 

r(M, Sm®E)^ r(M, T*M ®Sm®E)-^ r(M, Sm ® E). 

Here anticommutes with the Z 2 -grading, so that one has the operators 

: r(M, S^®E)^ r(M, 5^ 0 E). 


By identifying g* = g via an Ad-invariant inner product, we also view /i as a map into 
g. This map induces a vector field on M via the infinitesimal action. Suppose the set 
{X^ = 0} of zeroes of is compact. In Section [21 we review Braverman’s equivariant 
index IndG(Af, p) of the deformed Dirac operator 

:= D^-y3T./.c(X'^), 


where / G C°°{M)^ satisfies certain growth conditions. 

Let A be the highest weight of an irreducible representation ttx of G, for choices of 
a maximal torus and positive roots. Consider the reduced space Mx ■= p~^{G ■ A)/G. 
Suppose p is proper. Then Mx is compact, so one can define the index Ind(MA) G Z of a 
Dirac operator on Mx, and even make sense of this if A is a singular value of p. Vergne 
conjectured in her 2006 ICM plenary lecture |Ver07] that 


IndG(M,^)A = Ind(MA), 


(1.3) 


where we will always use a subscript A to denote the multiplicity of ttx- This is a generali¬ 
sation of the quantisation commutes with reduction principle [GS821 IMei98l IMS991 IParOll 
ITZ98| to noncompact manifolds. 

A special case of the Vergne conjecture, related to discrete series representations of semi¬ 
simple Lie groups, was studied by Paradan [Par 03]. A generalisation of the Vergne conjec¬ 
ture, where the set = 0} is not required to be compact, was first proved by Ma and 
Zhang |MZ14| . Later, Paradan gave a different proof [Parllj . This result was extended to 
Spin'^-manifolds in [HS15) . 

Our goal in the current paper is to give a short proof of the Vergne conjecture. Theorem 
13.31 Many ideas we will use to prove the Vergne conjecture overlap with those used in the 
Spin'^ setting in Section 5 of |HS15) . The reason the argument can be simplified in the 
symplectic case is that one has the equality (11.31) for A = 0 to begin with (see Theorem l3.ip . 
which is not true in the Spin'^ case. 
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In [MZ141 IParll) . it is not asumed that {X^ = 0} is compact, just that fi is proper. 
This generalisation is natural, because one needs to allow noncompact vanishing sets for 
the crucial multiplicativity property of the index in |MZ14[ IParll] . even if = 0} is 
compact for the initial moment map /r. We are able to avoid this issue, and work with 
compact vanishing sets, by only proving multiplicativity of the invariant part of the index, 
as in Section |6l This proof is based on Braverman’s cobordism invariance, and allows us to 
keep the proof of the Vergne conjecture short. 

Acknowledgements. The authors would like to thank Maxim Braverman, Nigel Higson, 
Paul-Emile Paradan, Eckhard Meinrenken and Michele Vergne for many useful discussions. 
Special thanks go to Xiaonan Ma and Weiping Zhang for proposing this topic and kind help. 
The first author was supported by the European Union, through Marie Curie fellowship 
PIOF-GA-2011-299300. 


2. Braverman’s index 

Let (/) : M —>■ g be an equivariant map (with respect to the adjoint action by G on g). It 
induces the vector field X^ on M defined by 

X'^(m) := — exp(—t • 4>{m)) ■ to, 
t=o 

for TO G M. 

Definition 2.1. The map (j) is taming if the vanishing set = 0} C M is compact. 

Consider the deformed Dirac operator 

D^ = D^ f -ciX*), (2.1) 

where /: M —>■ [0, oo[ is a G-invariant smooth function which grows fast enough towards 
infinity. This is a so-called admissible function introduced by Braverman; for the precise 
growth condition see Definition 2.6 in [Bra02j . In [Bra02j . Braverman defined an equivariant 
index of the deformed Dirac operator m, for taming maps cj), in a more general context. 
He proved a cobordism invariance property of this index, which is the crucial ingredient of 
the arguments in this paper. 

Braverman considered complete Riemannian manifolds. The manifolds we will consider 
(such as open subsets of a given manifold) may not be complete a priori. In such cases 
(possibly assuming the boundary of the manifold to be regular enough) one can make the 
manifold complete by rescaling the Riemannian metric by a positive, G-invariant function 
on M, which equals one in a neighbourhood of the zeroes of X’^. (See Section 4.2 in |Bra02j 
for more details.) The resulting index is independent of the function used to rescale the 
metric. When dealing with non-complete manifolds in the context of Braverman’s index, 
we will always tacitly perform this rescaling, and choose open sets so that this is possible. 
After rescaling, the Riemannian metric is only given by the symplectic form and the almost 
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complex structure as in dO]) in a neighbourhood of the zeroes of but that is enough 
for our arguments. 

The results from [Bra02| that we will use are summarised in the following theorem. We 
will write R{G) = Homz(i?(G'), Z) for the completion of the representation ring of G. Let T 
be a maximal torus of G, and t its Lie algebra. Let C t* be the set of dominant weights, 
for a choice of positive roots. For A G A^, let 7r\ be the irreducible representation of G with 
highest weight A. We will write L>^ for the restriction of to 0 E). 

Theorem 2.2 f |Bra02| l. If the map (j) is taming, then the deformed Dirac operator has 
the following properties. 

(1) The kernel of decomposes, as a unitary representation of G, into an infinite 
direct sum 

where is a nonnegative integer for every A. 

(2) The index 

Indc {M,4>) ■.= ^ (m| - mf) ■ ttx G R{G) 

AeA^ 

is independent of the choices of the admissible function f, and the connection . 

(3) If U is a G-invariant open subset of M so that 

{X* = 0} C [/ C M, 

then 

lrrAG{M,4>) = IndG(G, ^|(7) G R{G). 

(4) (</’*)te[o,i] : AT X [0,1] —>■ g is a smooth family of equivariant maps, which is taming 
over M x [0,1], and constant in t on M x [0, e[ and Mx]l — e, 1] for an e > 0, then 

IndG(M,(^°) = IndG(M,(/)^). 

Remark 2.3. To dehne a G-equivariant index IndG(Af, (f) for a taming map (p, one can also 
use Atiyah’s index of transversally elliptic symbols as in |Par011 IParllj . or an APS-type 
index as in [MZ14| . They are all consistent, see Theorem 5.5 in [Bra02] and Theorem 1.5 in 
|MZ14| . 

In what follows, we will study Braverman’s index for p = p, where we identify g = g* via 
a hxed Ad-invariant inner product. 
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3. The main result: Vergne’s conjecture 

Take A € A^. By identifying t* = v^—It* via multiplication by V—l, we view A as 
an element of t*. If A is a regular value of the moment map /r, then one can construct 
the Marsden-Weinstein symplectic reduction with M\ = • A)/G being a 

compact symplectic orbifold provided that p, is proper. Moreover, the pre-quantum line 
bundle E as well as the almost complex structure induce pre-quantum line bundle Ex and 
almost complex structure Jx on the reduced space {Mx,ujx)- Hence, one can define the 
orbifold index [KawSlj Ind(MA) £ Z of a Spin'^-Dirac operator on Mx- 

If A is not a regular value of then one can show that for generic e £ 0 such that 
A -I- e £ this element A -I- e is a regular value. Furthermore, the integer Ind(MA+e) is 

independent of small enough e. (See Theorem 2.5 in |MS99] or Theorem C in [ParOI] .! One 
then defines 

Ind(MA) := Ind(MA+e) £ Z, 

for an e as above. 


Theorem 3.1. Let he a Hamiltonian G-space with pre-quantum line bundle E and 

taming moment map pL. If 0 ^ p,{M), then 

IndG(M,/j)o = 0. 


//O £ Pl{M), then 


IndG(AI,/i)o = Ind(Mo) £ Z. 


(3.1) 


Proof. Theorem C in [Par01| is the quantisation commutes with reduction result in the 
compact case. However, Paradan’s arguments in Section 7 of that paper also imply this 
statement for noncompact manifolds. See also Theorem 4.3 in [TZ99| . □ 


Remark 3.2. When the manifold M is compact, the moment map p, is automatically taming 
and proper. Then Theorem l3.1l is the Guillemin-Steinberg conjecture, which was hrst proved 
by Meinrenken [Mei98) and Meinrenken-Sjamaar [MS99) . Later, Tian-Zhang |TZ98| and 
Paradan |Par01j gave different proofs. 

Michele Vergne conjectured in her 2006 ICM plenary lecture |Ver07| that the identity 
(EH) holds not only for the trivial representation but for all irreducible G-representations. 

Theorem 3.3. Let {M,uj) he a Hamiltonian G-space with pre-quantum line bundle E and 
proper, taming moment map p. One has 

IndG(M,/j)= ^ Ind(MA)7rA. 

AGAj. n/ifM) 

One can view IndG(A7,/i) as the geometric quantisation of the action by G on (M, w). 
Vergne’s conjecture then states that quantisation commutes with reduction in this context. 
In the remainder of this paper, we give a proof of Theorem 13.31 
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4. Making a taming map proper 

For any C S g* = 0 , let be the vector field induced by the infinitesimal action of G on 
M. Let/J,j S C°°{M) be the pairing of fj, with One has the Kostant formula 

- Cf, (4.1) 

for ^ € 0, where Cf is the Lie derivative of sections of E. If we choose a different G-invariant 
connection on the pre-quantum line bundle E, we obtain a different map fl : M —^ 0*. 
We will still call such a map a moment map. 

Lemma 4.1. Let fl be an arbitrary moment map defined as in O- Let H G G be a closed 
subgroup with t) its Lie algebra. If Z is a connected component of 0 then fi is 

constant over Z. In particular, fL{Z) S f)* is given by the weight of the action of H on the 
line bundle E over Z. 

Proof. For any ^ S f) and m G , we have that f^{m) = 0. Thus, by m, 

which is determined by the weight of the action of H on Em and is locally constant. □ 

Let [/ C M be a G-invariant open, relatively compact subset of M such that p, is taming 
over U. Let (X^)* be the dual of the vector field X^, which is a G-invariant 1-form on U. 
For any G-invariant function y on U, setting 

-f 2■K^/^x ■ 

defines a new connection on E. Let : U ^ q* he the moment map determined by 
and dSD. The following proposition plays a key role. 

Proposition 4.2. Let V be a G-invariant, relatively compact neighbourhood of = 0}nC/ 
such that V G U. We can choose the function y so that 

(1) is proper; 

(2) = p\v; 

(3) M > MuW; 

(4) the vector fields X^\ij and X^^ have the same set of zeroes. 

Proof. Let {^i,..., fdimg} be an orthonormal basis of 0. We define a map tf : U ^ Qhy 

dim g 

y { m ) := • 0 e 0, 

1=1 

for m G M. Then we have 


{%l},p) = \\Xy\'^ and p^ = p + x-y. 
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The two maps "0 : C/ —t g are bounded since U is relatively compact. Moreover, the 
assumption that ^ 0 outside V ensures that there exists e > 0 so that ||'(/>|| > e over 
U \ V. Thus, is proper as long as the function y is a proper function over U. 

If we choose the function y so that y = 0 on y, the second condition is satisfied. The 
third condition follows directly from the following inequality 

It remains to compare the vanishing set of the vector fields and First, suppose 

X^{m) = 0. Then so X^x{m) = X^{rn) = 0. To prove the converse 

implication, note that 

dim 0 

{X^X>^-) = \\X>^f + X- (4.2) 

j=i 

The second term on the right-hand side of the above equation is non-negative provided the 
function y is non-negative. Then X^^(m) = 0 implies that X^{m) = 0. This completes the 
proof. □ 


5. A LOCALISATION ON PRODUCT MANIFOLDS 


Suppose that is a compact Hamiltonian G-space with pre-quantum line bundle F, and 
moment map : A —>■ g*. From now on, we will denote the moment map jj, by , to 
make the disctinction with clear. For any map : M —>■ g*, we abuse notation by also 
denoting the map M x N ^ g*, mapping {m,n) G M x N to 'ipijn), by ip. (And similarly 
for maps from N to g*.) 

Let U F XI he & G-invariant open, relatively compact subset such that is taming over 
U. Fix a subset V C U and a function x as in Proposition l4.2l Let rj G G°°(M) be a function 
with values in [0,1], and such that 


7?(t) 


0 iff <1/3; 
1 iff >2/3. 


Set LF := G X A X [0,1], and consider the map />: LF —>■ g* given by 


fp(m, n, t) = (m) -|- 

for (m, n, t) G W. Since /i^ is proper and is bounded, the map </> has to be proper. 


Lemma 5.1. The map </> is taming. 


Proof. The vanishing set of X‘f’ decomposes as 

{A^ = 0} = UG-(LF^n/>-!(())), 

H 


8 


PETER HOCHS AND YANLI SONG 


where H runs over the stabiliser groups of the action by T on W. Since U is relatively 
compact in M, only finitely many such stabilisers occur. Hence it is enough to prove that 
for each stabiliser H, the set 

(5.1) 

is compact. 

Fix a stabiliser group H of the T-action on W and a connected component Z of fl 

Suppose that az,(3z S i)* are the weights of the action of H on the line bundles E 

and F restricted to Z. Then we have that 

0(Z)Caz + [O,l]/3zCf)% 

which is a compact segment. Since the closure of in M x iV x [0,1] is compact, it has 
hnitely many connected components. The weight of the action by on a line bundle over 
is constant on these connected components. So there are only finitely many elements 
ctZjPz & f)* as above (where H is fixed but Z may vary). Hence the set 

(A(lF^n(/)-i(f))) (5.2) 

is compact. 

The point of using the proper moment map /i^ rather than the original map is that 
this makes the map (j) proper. Therefore, compactness of the set (15.21) implies compactness 
of the set en). □ 

A particular consequence of Lemma 15.11 is that the map 

is taming. So the index 

IndG([/M X iV,Mx +M^) 

is well-defined. By Lemma [5T] and the fourth point of Theorem 12.21 it equals 

IndG(HM X 

By Proposition 1121 the vector fields induced by and have the same set of zeroes, and 
are equal in a neighbourhood of that set. So by the third point of Theorem l2.21 we find that 

IndG(f/M X fV,/i^ + /r^) =IndG(t/M X fV,/r^) €R[G). (5.3) 

6. Proof of the Vergne conjecture 

Let us Hx a A € A^, and let A^ := G ■ X be the orbit through A of the coadjoint action by 
G on 0 *. Let F be the dual of the canonical pre-quantum holomorphic line bundle on N, so 
that the associated moment map is minus the inclusion N ^ q* . By the Borel-Weil-Bott 
theorem, we know that 

lndG{N,F)=TTl. 
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Let R > ||A|p be a regular value of the function ||^^ + : M x N Define 

Umxn = {{m, n) € M X N\+ ^^(n)|p < R} C M x N. 

Then Umxn is a G-invariant, open, relatively compact subset of M x TV. For a generic 
choice of R, the map is taming over Umxn, as we will assume. By the choice of N, 

By Theorem 13.11 we therefore have 

IndG(C/MxN,/J^ + Ai^)o = Ind(MA) £ Z, (6.1) 

if A G and zero otherwise. 

Choose R' > 0 large enough so that the set 

Um := {m e M; |l/x^(m)|p < R'} 

contains {X^'^ = 0}. Again, we can choose R' such that is taming on Um- In addition, 

B 

choose R' > R so that there is a G-invariant neighbourhood Vm of = 0} such that 

Vm C Um, and 

Umxn C Vm X N. 

This is possible because is bounded on N. Let the function y £ C°°{Um)^ be as in 
Proposition |4^ applied with U = Um and V = Vm- By (15.31) . we have that 

IndG(GM X + fi^) = IndciUM x TV,£ R{G). 

In particular, 

IndciUM X N,fj.^ + = {indciUM, ® = IndG(M, fi^)x £ Z. (6.2) 

Because of m and (16.211 . the last step in the proof of Theorem 13.31 is the following 
equality. 

Lemma 6.1. For R and R' large enough, one has 

IndciUM X fi^)o = IndciUMxN, £ Z- 

Proof. Corollary 6.18 in [Par m (see also Theorem 9.6 in (PVTS]) implies that, for R and 
R' large enough, 

IndG(GM X = IndciUMxN, + F^)q- 

This follows from the fact that Umxn is a neighbourhood of the set of zeroes of -I- /J'^. 
Here we have used the equivalence of Braverman’s index and the index defined by Paradan 
and Vergne (see Remark [2?3l) . Inside Umxn, the function y equals zero. Hence 

IndG(GMxN, Mx + = ^"^^g{Umxn , 1^-^ + 


□ 
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Remark 6.2. In the proof of Lemma 16.11 we used Corollary 6.18 from [Par m- That result 
states that the invariant part of the index vanishes if the norm of the moment map has 
a large enough lower bound. This was generalised to multiplicities of arbitrary irreducible 
representations in Theorem 2.1 in [MZ14j and Theorem 2.9 in jParllj ( in the symplectic 
setting) and Theorem 3.4 in |HS15] (in the Spin‘s setting). Using one of the results in the 
symplectic setting, one can generalise the definition of the index in Theorem 12.21 to proper, 
non-taming moment maps (see Definition 1.3 in [MZ14] and Definition 2.10 in [Parllj l. In 
addition, by using a suitable version of these vanishing results, one can generalise Lemma l6.ll 
to multiplicities of arbitrary irreducible representations. This can then be used to generalise 
Theorem 13.31 to proper, non-taming moment maps. Because our goal was to give a short 
proof of Vergne’s conjecture, we have not included the details of this generalisation in this 
paper. 
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